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The Extended Hubbard Model

Physical Properties
•Spin Density Wave Phase Driven

by On-Site Interaction U
•Charge Density Wave Phase Drive

by Inter-Site Interaction V
•Super-Conducting and Bond-

Ordered Wave Phases
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Analyzation Techniques

M. Jarrel, T. Maier, C. Huscroft, & S. Moukouri (Phys. Rev. B 64) 3

Dynamical Cluster Approximation
Exact in the Large Cluster Limit

(Accounts for Fluctuations)
Fully Causal

Lanczos
Exact Hamiltonian Diagonalization

Produces T=0 Results
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Spin & Charge Density Wave Phases
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Spin Density Wave (SDW)
Present for U ≫ 4V in 2D

Charge Density Wave (CDW)
Present for U ≪ 4V in 2D

< (ni+r↑ + ni+r↓ − 1)(ni↑ + ni↓ − 1) >< (ni+r↑ − ni+r↓)(ni↑ − ni↓) >
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2D Extended Hubbard Model DCA Results for SDW & CDW Susceptibilities
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2D Hubbard Model Phase Diagram
Motivation for the Search for D-Wave Superconductivity
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FIG. 1. Choice of the Nc ! 4 cluster K points (filled circles),
corresponding coarse graining cells (shown by different fill
patterns), and a sketch of the d-wave symmetry of the order
parameter.

averaged over the momenta K 1 k̃ surrounding the cluster
momentum points K (cf. Fig. 1).

Thus, the coarse grained Green function is

ˆ̄G!K, v" !
Nc

N

X

k̃

Ĝ!K 1 k̃, v" , (1)

where the sum runs over all vectors k ! K 1 k̃ within
a cell around the cluster momentum K. Note that the
choice of the coarse grained Green function has two well-
defined limits: For Nc ! 1 the sum over k̃ runs over the
entire Brillouin zone, and ˆ̄G is the local Green function,
thus the DMFA algorithm is recovered. For Nc ! ` the
k̃ summation vanishes and the DCA becomes equivalent
to the exact solution. The dressed lattice Green function
takes the form

Ĝ!k, v" ! #vto 2 ēkt3 2 Ŝ!K, v"$21, (2)

with the self-energy Ŝ!k, v" approximated by the cluster
self-energy Ŝ!K, v". To allow for a possible transition to
the superconducting state we utilized the Nambu-Gorkov
matrix representation [14] in (2) where the self-energy
matrix Ŝ is most generally written as an expansion Ŝ !P

i Siti in terms of the Pauli matrices ti . The diagonal
components of Ŝ represent quasiparticle renormalizations,
whereas the off-diagonal parts are nonzero in the super-
conducting state only.

Since the self-energy Ŝ!K, v" does not depend on the
integration variable k̃, we can write

ˆ̄G!K, v" ! #vto 2 ēKt3 2 Ŝ!K, v" 2 Ĝ!K, v"$21,
(3)

where ēK ! Nc%N
P

k̃ eK1k̃. This has the form of the
Green function of a cluster model with periodic bound-
ary conditions coupled to a dynamic host described by
Ĝ!K, v". Here we employ the noncrossing approxima-
tion (NCA) [15] to calculate the cluster Green function

and self-energy, respectively. A detailed discussion of the
NCA algorithm applied to the cluster model for the para-
magnetic state was given in [12]. Here it was shown that
the NCA has only systematic errors of the order of 1%N3

c ,
while, e.g., QMC has systematic and statistical errors of
the same order of magnitude. In addition, the NCA is es-
pecially well suited to address the dynamics of the strong
coupling regime, where the application of QMC is limited
by the sign problem. For the superconducting state the
NCA has to be extended in order to account for the hy-
bridization to the anomalous host, which couples cluster
states with different particle numbers.

The self-consistent iteration is initialized by calculating
the coarse grained average ˆ̄G!K" [Eq. (1)] and with Eq. (3)
the host function Ĝ!K", which is used as input for the
NCA. The NCA result for the cluster self-energy Ŝ!K" is
then used to calculate a new estimate for the coarse grained
average ˆ̄G!K" [Eq. (1)]. The procedure continues until the
self-energy converges to the desired accuracy.

Results.—We investigate the single particle properties
of the doped 2D Hubbard model,

H !
X

ij,s
tijc

y
iscjs 1 U

X

i
ni"ni# , (4)

where cy
i (ci) creates (destroys) an electron at site i with

spin s and U is the on-site Coulomb repulsion. For the
Fourier transform of the hopping integral tij we use

ek ! eo 2 m 2 2t!coskx 1 cosky" 2 4t0 coskx cosky ,
(5)

accounting for both nearest neighbor hopping t and next
nearest neighbor hopping t0. We set t ! 0.25 eV and
U ! 3 eV well above the bandwidth W ! 8t ! 2 eV.
For this choice of parameters the system is a Mott-Hubbard
insulator at half filling as required for a proper description
of the high-Tc cuprates.

To allow for symmetry breaking we start the iteration
procedure with finite off-diagonal parts of the self-energy
matrix Ŝ. As we mentioned above one expects the order
parameter of a possible superconducting phase to have
d-wave symmetry. Therefore we work with a 2 3 2
cluster (Nc ! 4), the smallest cluster size incorporating
nearest neighbor correlations. For the set of cluster points
we choose Kal ! lp , where l ! 0, 1 and a ! x or y.
Figure 1 illustrates this choice of K points along with
a sketch of the d-wave order parameter and the coarse
graining cells. Obviously, for symmetry reasons, in the
case of d-wave superconductivity, we expect the coarse
grained anomalous Green function to vanish at the zone
center and the point !p, p", whereas the anomalous
parts at the points !0, p" and !p , 0" should be finite with
opposite signs.

Figure 2 shows a typical result for the local density of
states (DOS) in the superconducting state along with the
anomalous coarse grained Green function Ḡ12!K, v" !
Nc%N

P
k̃&&cK1k̃"; c2!K1k̃"#''v at the cluster K points for
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2D Extended Hubbard Model DCA Results for D-Wave Superconductivity Susceptibility
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2D Extended Hubbard Model DCA Results for D-Wave Superconductivity Tc
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Bond-Ordered & S-Wave Superconductivity Phases
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Bond Ordered Wave (BOW) S-Wave Superconductivity

<(
∑

σ

[c†i+r+1σci+rσ + h.c.]− c̄)

(
∑

σ

[c†i+1σciσ + h.c.]− c̄) >

c̄ =<
∑

σ

(c†i+1σciσ + h.c.) > < c†i+r↑c
†
i+r↓ci↑ci↓ >
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1D Extended Hubbard Model Lanczos Results for SDW, CDW, & BOW Phases

M. Nakamura (Phys. Rev. B 61); P. Sengupta, A. Sandvik, & D. Campbell (Phys. Rev. Lett. 96) 10
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2D Extended Hubbard Model Lanczos Results for SDW & CDW Phases
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2D Extended Hubbard Model Lanczos Results for S-Wave Superconductivity Phase
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The End

Conclusions
•Confirmed Existence via. DCA
•D-Wave Superconductivity in 2D

with a Significant V Dependence
•Confirmed Existence via. Lanczos
•Bond-Ordered Wave in 1D
•S-Wave Superconductivity in 2D
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Future Plans
•Increase Cluster Size to Study Finite

Size Effects
•Explore D-Wave Superconductivity

via. Lanczos
•Investigate Possible Circulating

Current Phase


